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Abstract. Let M be a projective manifold of dimension > 3 and H l(g~r c) = 0. We 
will show that a deformation of a codimension one singular foliation j r  arising from the 
fibers of a generic meromorphie map of the form fP/gq,p, q > 0 has a meromorphic 
first integral of the same type. 

0. Introduction 
Recently, Gdmez-Mont and Lins [GM-L] have shown the following re- 

sult, which is an extension to codimension one holomorphic foliations 

with singularities of the Thurston-Reeb stability theorem: 

Theorem.  [GM-L] Let M be a projective manifold: 

(1) If H I ( M ,  C) = 0 and dimc M > 3, then Lefschetz Pencils are C O. 

structurally stable foliations. 

(2) If 7c1(M) = 0 and dimc M _> 4, then Branched Lefschetz Pencils are 

C~ stable foliations. 

The aim of this work, is to improve the second part of this theorem. 

Let L1 and L2 be positive holomorphic line bundles on M with 

holomorphic sections f l ,  f2. Assume that  L~ p = L~ q, where p and q 

are relatively prime positive integers. The fibers of the meromorphic 

map ~ = f f / f ~  define a codimension one holomorphic foliation with 

singularities represented by the twisted one-form 

w = pf2dfl  - qfldf2 E Fol (M,  L1 | L2). 
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68 OMEGAR CALVO-ANDRADE 

In what  follows, we shall say that  r is a meromorphic first integral of 

the foliation represented by the section ~v. 

By a generic meromorphic map r P q = f l / f ~  we mean the following: 

(1) The sets {f l  = 0}i=1,2 are smooth irreducible and meet transversely 

on a codimension two submanifold K.  

(2) The subvarieties defined by )~f~ - pf~ = 0 with (A: #) E I? 1 are 

smooth on M-/4 except for a finite set of values {(),i: Pi)}(i=l ..... k}, 

where the corresponding subvariety has only one non-degenerate crit- 

ical point. 

A meromorphic map satisfying conditions (i) and (2) is called a 

Lefschetz Pencil if p ---- q = 1 and a Branched Lefschetz Pencil otherwise. 

Our main results are the following: 

T h e o r e m  A. Let M be a projective manifold whose complex dimension 

is at least 3 and with HI (M,  C) = O. Let a; = pf2dfl  - qfldf2 with 

p ~ q where fi  are holomorphic sections of the positive line bundles 

Li and L~ = L~. I f  {fi = 0}i=1,2 are smooth irreducible and meet 

transversally, then any deformation ~' of the foliation represented by 

has a meromorphic first integral r 'P 'q = .fl / f2  where f~ E H~ O(LO). 

As consequence of this result, the G6mez-Mont Lins theorem may 

be s tated as follows: 

T h e o r e m  B. Let M be a projective manifold whose complex dimension is 

at least 3 and with H 1 (M, C) = O. Let ~ be a codimension one holomor- 

phie foliation with singularities arising from the fibers of a Lefschetz or a 

Branched Lefsehetz Pencil. Then .T is a C O-structurally stable foliation. 

Finally, we relate our results with universal families of foliations: 

T h e o r e m  C. Let M be a projective manifold whose complex dimension 

is at least 3 and with H 1 (M, C) = O. Let B(c) be an irreducible compo- 

nent of Fol(M, e) that contains a foliation which has a generic mero- 

morphic first integral. Then there exists a Zariski dense open subset of 

B(c) parameterizing the C O-structurally stable foliations; all of them are 

topologically equivalent, and have a generic rational first integral. 

In [1VII, Mucifio analyses the tangent  space of the  space of foliations 

on a Lefschetz pencil. From these infinitesimal methods,  he gives an 
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independent  proof of part  (1) of the Gdmez-Mont-Lins theorem. 
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1. C o d i m e n s i o n  o n e  fo l ia t ions  

A codimension one holomorphic foliation with singularities on a complex 

manifold M may be given by a family of 1-forms ws defined on an open 

cover {Us} of M, satisfying the Frobenius integrability condition c0s A 

da~s = 0, and the cocycle condition ws = )~s~ca~ in Us N U~, where As/~ 

are non-vanishing holomorphic functions. If L denotes the holomorphic 

line bundle on M obtained with the cocycles {As~}, then the 1-forms 

glue to give a holomorphic section of the bundle T*M | L. 

1.1 Definition 

A codimension one holomorphic foliation 5 with singularities in the com- 

plex manifold M, is an equivalence class of sections cJ E H~ ~tl(L)) 

where L is a holomorphic line bundle, such tha t  w does not vanish iden- 

tically on any connected component  of M and satisfies the integrability 

condition cv A dcv = 0. The singular set of the foliation 5 is the set of 

points S(U) = {p E M]a~(p) = 0}. The leaves of the foliation are the 

leaves of the non-singular foliation in M - S(5) .  

When a leaf s of U is such tha t  its closure s is a closed analytic 

subspace of M of codimension 1, we will also call s a leaf of 5 c. 

We will use the following notions: 

A holomorphie family {Y:t}teT of eodimension one holomorphie foli- 

ations with singularities parameterized by a complex analytic space T 

consists of the following: 

(1) A holomorphic family of complex manifolds {Mr}, given as a smooth 

map 7c: 2t4 --~ T between complex spaces with 7c-l(t) = Mr. 

(2) A holomorphic foliation with singularities ~ on Ad such tha t  its 

leaves are contained in the t-fibers and the restriction ~[M t = 5t is 

a codimension one holomorphic foliation with singularities on Mr. 

A foliation 5cl is a deformation of the foliation .7-2 if there exists a 

family of foliations {Ut}tcT such tha t  51 = Ut and 5c2 = Us, where t, 

s E T .  
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Given a family of foliations {Svt}, the perturbed holonomy of a leaf s 

of the foliation 9v0 is the holonomy of s as a leaf of the foliation ~ .  It 

is clear tha t  the per turbed holonomy has the form: 

Ha(t ,  z) = (ha(t, z), t), 

where ha is a holomorphic function such that  ha(0, z) is the ho]onomy 

map associated to a E 7v 1 (/2) as a leaf of the foliation 5%. 

We will assume that  M is compact and has complex dimension > 3. 

In this case, the set Fol(M, c) of those foliations defined by an equiva- 

lence class of sections w E HO(M, ~I(L)) where L is a line bundle with 

Chern class c(L) = c, is an algebraic variety [GM-M] p. 133. 

1.2 Definition 

Consider w E H~ A section ~ E H~ is say to be 

an integrating factor of ~ if the meromorphic one form 

is closed. 

The following result shows, tha t  if a section w E HO(M, ~21(L)) has 

an integrating factor, then it is integrable. 

1.3 Theorem.  Let M be a projective manifold with HI(M,  C) = O, and 
r l  . r k  let ~ = ~1 "" ~k E H ~  ri E N be an integrating factor of 

the foliation represented by w. Then: 
k w d~i 

where �9 is a meromorphic function with poles at the divisor 
k 

Proof .  We follow [C-M] p. 38. 

Consider the meromorphic 1-form 

k d ~  1 f 
g t l = ~ t - ~  hi where h i -  Jr  ~'  

i~- i  r 27vi i 
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the loop 7i E 7ci(M - {Pi = 0}) denotes the generator of the kernel of 

the map i, = 7rl(M - {~i = 0}) --~ 7c1(M), where i : M  - {pi = O} ~-~ M 

is the inclusion map. 

Integrating by paths  the meromorphic 1-form ftl, gives a represen- 

tat ion 
H I ( M  , Z) --+ C 

['7] ~ / <  ~1. 

Now, since H I ( M ; C )  = 0, this representation defines a holomorphic 

map 

H: M - {~ = 0} ~ C. 

We claim that  this map extends meromorphical ly to M with a pole of 

order smaller or equal to ri - 1 along the divisor {Pi = 0}. 

To prove this assertion, take a coordinate system (z; w) on a neigh- 

borhood of a smooth  point x E {~i = 0}, such that  {z = 0} = {Fi = 0} 

and span the function H as a Laurent series in the variable z. 

oo 

H(z;w)= ~ an(W) zL 
n = - o o  

then we have: 

dH(z ;  w) = 

z r i d H ( z ;  w)  = 

z n" dan(W) + (n - 1 ) z  n - 1  �9 a n ( w ) d z  

~--~ z n+ri �9 dan(w)  + (n - 1 ) z  r i + n - 1  �9 a~(w)dz .  
gg~--C.O 

Since zri �9 d H  is holomorphic, we have that  a,~(w) vanishes identically 

whenever n <<_ - ( r i  - 1). [] 

Remark.  Wi th  the notat ion above, by the residue theorem we have that  

k 

i = l  

where cl [{~i = 0}] denotes the Chern class of the line bundle associated 

to the divisor {~i = 0}. 
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1.4 Corollary. Let M be a projective manifold with HI(M;  C) = 0, and 

let .T be a foliation represented by a section w E HO(M;~I(L)) and 

having an integrating factor ~. Then ? has at least a compact leaf. 
r 1 r k Proof. Let ~ = ~1 " " ~ k  be an integrating factor, then the theorem 

above shows that the hypersurfaces defined by the equations {~i = 0} 

are invariant by the foliation, and hence, they are compact leaves of the 

foliation represented by the section w. [] 

As a final comment, when a foliation has two linearly independent 

integrating factors ~1 and ~2, it is not difficult to show that the foliation 

has the meromorphic first integral given by 

~] F1. - - : M  
~2 

2. Kupka type singulari t ies 

This section is dedicated to describe the singular set of foliations with 

a generic meromorphic first integral. 

2.1 Definition 
Let f" be a codimension-one holomorphic foliation with singularities 

represented by w E HO(M, ~I(L)). The Kupka singular set denoted by 

h ' ( f )  C S(U) is defined by: 

K ( ? )  = {p E Mla~(p ) = 0 d~(p) ~ O}. 

The local structure of the Kupka singular set is described by the 

following result. The proof may be found in [Me]. 

2.2 Theorem. Let w and K(a ~) as above, then: 

(1) K(5 v) is a codimension two locally closed submanifold of M.  

(2) For every connected component K C K (?) there exist a holomorphie 

1-form 

U = A(x, y)dx + B(x,  y)dy 

defined in a neighborhood V of 0 E C 2 vanishing only at O, an open 

covering {Ua} of a neighborhood of K in M and a family of submer- 

sions Pa: Ua --+ C 2 such that F~I(o) = BS N Us and w~ = ~*~U defines 
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.F in U~. 

(3) K(S)  is persistent under variations of U; namely, for p E K ( 5 )  with 

defining l-form ~*~l as above, and for any foliation 5" sufficiently 

close to S ,  there is a holomorphic l-form r I' defined on a neighbor- 

hood of 0 E C 2 and a submersion qo' close to ~ such that S '  is defined 

by (qo')*r?' on a neighborhood of p. 

Remark. The germ at 0 E C 2 of r/is well defined up to biholomorphism 

and multiplication by non-vanishing holomorphic functions. We will 

call it the transversal type of 5 c at K. Let X be the dual vector field 

of r/, since dco r 0, we have that  DivX(0) • 0, thus the linear part 

D = DX(O) is well defined up to linear conjugation and multiplication 

by scalars. We will say that  D is the linear type of K. Since trD • O, it 

has at least one non-zero eigenvalue. Normalizing, we may assume that  

the eigenvalues are 1 and #. We will distinguish three possible types of 

Kupka type singularities: 

(a) Degenerate: If # = 0. 

(b) Semisimple: If > r 0 and D is semisimple. 

(c) Non-semisimple, > = 1 and D is not semisimple. 

The topological properties of the embedding K ( 5 )  ~-+ M, which 

can be measure in terms of the normal bundle uK of K C M, and the 

transversal type, are strongly related. [GM-L] p. 320-324. 

2.3 Theorem.  Let K be a compact connected component of K ( 5 )  such 

that the first Chern class of the normal bundle of K in M is non- 

zero, then the linear transversal type is non-degenerate, semisimple with 

eigenvalues p C Q and 1. Furthermore, if 0 < #, then the transver- 

sal type is linearizable, and for any deformation {St} of 5 = SO, the 

transversal type is constant through the deformation. 

Let f l  and f2 be holomorphic sections of the positive line bundles L1 

and L 2 respectively. Assume that  the line bundles satisfy the relation 

L~ p = L~ q for some p, q relatively prime positive integers. Also suppose 

that  the hypersurfaces {fl  = O} and {f2 = O} are smooth, and meet 

transversely. The integrable holomorphic section of the bundle T * M  | 
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Lt | L2 given by 

w = p f2d f l  - qf ldf2,  

has the meromorphic first integral r P q = f l / f ~ "  Any point x �9 {f l  = 

0} • {f2 = 0} belongs to the Kupka set 

~(x) = 0 and d~(x) = -(I9 + q)(dfl A df2)(x) ~ O. 

In this case, K(~)  = {f l  = 0} N {f2 = 0}, and the normal bundle is 

UK = (L1 | L2)IK, thus it has non-vanishing first Chern class. Then, 

by Theorem 2.3, the transversal type is linearizable, and actually, it is 

given by the 1-form ~ = pxdy  - qydx, moreover, it remains constant  

under deformations. 

3. Proof  of  theorem A 
In this section, we shall prove our main result: 

Theorem A. Let M be a projective manifold whose complex dimension 

is at least 3 and with H I ( M , C )  = 0. Let ~ = p f2d f l  - q f ld f2  with 

p ~ q where f i  are holomorphic sections of the positive line bundles 

Li and LPl = L~. I f  {fi = 0}i=1,2 are smooth irreducible and meet 

transversalIy, then any deformation w' of the foliation represented by 

has a meromorphic first integral r = f~P/f~q where f~ e H~ O(LO). 

Let w = Pf2df l  - q f ldf2 be as in theorem A. Observe that  f l  " f2 

is an integrating factor for w. Conversely, if q/p, p /q  ~ N and a / i s  an 

integrable section close to w, we will show that  the leaves {fi = 0}i=1,2 

have non-trivial holonomy and are stable under deformations, namely, 

there are sections f~ E HO(M, O(LO)i  = 1, 2 such tha t  {f~ = 0}i=1,2 

are compact  leaves of the  foliation w'. We will show tha t  f~ �9 f~ is an 

integrating factor for ~I and the conclusion will follow from Theorem 

1.3. 

The following theorem may be found in [C]. 

3.1 Theorem.  Let M be a smooth projective manifold of complex dimen- 

sion >_ 3. [f ~ = p f2d f l  - q f ld f2  E FoI(M,  L1 | L2) is a section as 
in theorem A, then at least one of the leaves {fi = 0} is stable under 

deformations. 
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Proof .  Let wt be a family of foliations such that  cz 0 = a~. The idea is 

to find a fixed point of the per turbed  holonomy. In order to do this, we 

will find a central element which has non-trivial linear holonomy. 

Let V be a smooth algebraic manifold of complex dimension > 2, 

and let W C V be a smooth, positive divisor on V. Recall that ,  if 

i: V - W ~-+ V denotes the inclusion map, then the generator 7w of the 

kernel of i,:7c1(V - W) --+ 7rl(V) is central in ~rl(V - W) (see IN] p. 

a 1 5 - 3 1 6 )  

Since K C {f~ = 0} i = 1, 2 is a positive divisor, the loop 7i: = 7~; E 

7h({fi = 0} - K)  i = 1, 2 is central, so, we must  consider two cases: 

a) If p /q  ~ N and q/p ~ N, then both leaves {fi = 0}i=1,2 are stable. 

The per turbed holonomy of the element 7 )  E 7c1({fi = 0} - K ) ,  has 

the form: 

= t), t) 0 y  (0, 0) = exp r 1 

H~}(y ,  t) = (h~2 K(y,  t), t) Oy (0, 0) = exp 27ri r 1. 

By the implicit function theorem, there are germs of analytic func- 

tions t ~ p~ i = 1, 2 such tha t  

t) = i = 1, 2 

Now, because 7 )  E 7rl({fi = 0} - K)  is central, the unique fixed point 
i t ,  (P t , )  is fixed for any other element 

/3 E ~rl({fi = 0} - K),  

that  is, hz(p~ , t) = p~, hence, it is fixed by the per turbed holonomy of 

the leaf {fi = 0}. 

By theorem 2.3, the transversal type of the Kupka set, remains con- 

stant through the deformation, and it is given by r] = pxdy  - qydx 
[GM-L], thus, the leaves s through the points (p~, t) contain the smooth 

separatrices of the Kupka set, and s is a compact  leaf of the foliation 

b) If 1 = p < q, then  the above argument,  may be applied only to the 

leaf {f2 = 0}. [] 
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Remark.  Observe tha t  the fundamental  class of the compact  leaf {fit = 

0} remains constant  through the deformation. 

We will use the  following facts on holomorphic line bundles over 

K~hler manifolds: 

It is well known, [G-HI p. 313, tha t  a holomorphic line bundle L has 

Chern class zero, if there exists an open covering of M such that  the 

transit ion functions are constants, and such line bundle is trivial, when 

it has a non-zero holomorphic section. 

On the other hand, if H I ( M , C )  = 0, the Hodge decomposition 

theorem, [G-H] p. 116, implies tha t  any holomorphic line bundle L 

over M is classified by its Chern class, hence, under this hypothesis, 

a holomorphie line bundle L is holomorphically trivial if and only if 

cl(L) = 0 E H2(M;Z) .  

3.2 Lemma.  Let Lii = 1, 2 be positive holomorphic line bundles, and 

let {fi} and w be as in theorem (3.1). If H I ( M , C )  = 0, then any 

deformation of the foliation w has an integrating factor. 

Proof .  Let wt be an analytic family of foliations with ~0 = (pf2dfl - 

qfldf2) E Fol(M, L1 | L2). 

We will consider two cases: 

(1) I f p / q ~ { 1 , 2 , 3 , . . .  , 1 / 2 , 1 / 3 , . . . } .  

In this case, the leaves {f l  = 0} and {f2 = 0} are stable, thus there 

exists an analytic family of sections fit E H~  (9(LO)i = 1, 2 such tha t  

{fit = 0}/=1,2 are compact leaves of the foliation represented by wt. 

We claim that  the product  f i t "  f2t E H~ | L2)) is an 

integrating factor of the section a Jr. In order to show this, it is only 

necessary to prove tha t  the meromorphic 1-form 

cot 
f t t  - -  

fit" 

is closed on a nonempty  open subset of M. 

By Theorem 2.3, the transversal type of the Kupka set is constant 

through the deformation, thus, on a neighborhood of any point of the 

Kupka set, there exists a never vanishing holomorphic function Pat E 

BoL Soc. Bras. Mat., Vol. 26, IV. L 1995 



DEFORMATIONS OF BRANCHED LEFSCHETZ PENCILS 77 

(9* (Ua), such tha t  the meromorphic 1-form ~t has the local expression: 

dxat dyat 
Pat "ftt [Ua = P -- flat, 

xat Yat 

and this equality holds, because {xc~t = 0} = { f i t  = 0} N Ua and 

{yat = 0} = {f2t = 0} • Ua, and both forms have the same pole (with 

multiplicity). Now, in [C-L] it is shown that ,  when Ua N UZ ~ 2;, the 

meromorphic 1-forms r/at glue to a meromorphic 1-form r/t defined on 

the open set U = U Us, and this implies that  the family of functions Pat 

define a never vanishing holomorphic function on Pt E (9(U). 

On the other hand, the Kupka set / i t ,  of the foliation represented 

by the section wt, is the transversal intersection of the positive divisors 

I f t  = { f l t  = 0} N {f2t = 0}, 

this implies, as was pointed in [C-L], that  the function pt may be ex- 

tended to a]l M ,  hence it is a constant,  and then, the meromorphic 1- 

form f~t is closed on the neighborhood of the Kupka set K1 C U = [_J Ua, 
a 

this implies tha t  the meromorphic form f~t is closed, hence, f l t  �9 f2t is 

an integrating factor for the foliation c~t. 

(2) Assume tha t  p = 1 < q. In this case, {f2 = 0} is a priori the 

unique stable compact  leaf, thus there exists an analytic family 

f2t ~ H ~  O(L2)) such that  {f2t  = 0} is a leaf of the foliation 

represented by c~t. 

We claim tha t  f~+l  is an integrating factor for a~t, as in the above 

case, we will show that  
Cd t 

f ~ t -  f q+l 
2t 

is a meromorphic l-form and it is closed on an open subset of M. 

Now, in [C-S], it is shown tha t  there exists a rank two holomorphic 

vector bundle E,  with a holomorphic section o, vanishing precisely on 

the  Kupka set, and A2E = L. 

The main point that we will use here, is that K is the transversal 

intersection of two positive divisors. This holds if and only if, the vector 

bundle E splits in a direct sum of positive line bundles. 
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The total Chern class of the bundle E, is computed in [C-S], and it 

is given by the formulae: 

c(E) = 1 + Cl (L) + [/<], 

where [K] denotes the fundamental  class of K in M. 

Now, in our case, we have that  Kt C {f2t = 0}, and {f2t = 0} 

is a positive divisor, this implies tha t  there exists the following exact 

sequence of holomorphic vector bundles: 

0 --~ L2 ---~/~ --, L1 --, 0 

L2 = [{f2t = 0}] L1 = E/L2 

such exact sequences are classified by the cohomology group 

HI(M,  (-9(L2 | L~-I)). 

Now, we have the following relations on the Chern classes: 

cl(L) = c1(L2) + cl(L1) = (q + 1). el(L2) ~ cl(L1) = q" cl(L2), 

hence the holomorphic line bundle L2 | L11 has negative Chern class, 

and by Kodaira vanishing theorem, we have that  

HI(M,  O(L2 | L~I)) = 0, 

hence, the vector bundle E splits in a direct sum of positive line bundles, 

and Kt is a complete intersection of positive divisors. 

As in the first case, on a neighborhood of any point of the Kupka 

set Kt of wt we have 

wt 1 (xa t~  
p e t "  f h l u ~  - fq+l Iu~ - y q + l  (yatdxc~t --  q x a t d y a t )  = d \ Y q t  J ' 

2, t  a t  

but  in this case, we have tha t  

1 1 
(yatdxc~t - qXc~tdyat) = cab ~ (Yr - qx3tdy~t) cab E C*, ~q+l 

at 'Y~t 
hence, the functions Pat defines a holomorphic section on a neighborhood 

of Kt of a line bundle with Chern class zero, which is the trivial line 

bundle, by the assumption on H I(M, C) = O. 

By the same argument  as above, this section may be extended to M, 

thus it defines a non-zero holomorphic function, and the meromorphic 
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1-form W* I r  l ~/J2,t is closed, this implies that  fq+l  2,t is an integrat ing factor 

as claimed. [] 

Now, we are in a posit ion to complete  the proof  of Theorem A: 

P r o o f  of  t h e o r e m  A. We are going to consider two cases: 

(1) w = Pf2df l  - q f ld f2  1 < q < q: 
By L e m m a  3.2, f l t f 2 t  is an integrat ing factor for wt, and by Theorem 

1.3, we have shown that :  

wt dflt  df2t 
- - q 

f l t f2 t  f2t" 
This implies tha t  

Wt = Pf2tdfl t  - qfltdf2t,  

and wt has the meromorphic  first integral Ot f P / r q  = l t / J 2 t "  

(2)  = f 2 d f l  - q f l d f 2 :  

By L e m m a  3.2, f q + l  2t is an integrat ing factor for wt, and again by 

theorem 1.3, we have: 

- + d 

where 

f l t  E HO(M, O(L~)) = H ~  O(L1)). 

Since the divisor {f2 = 0} is positive, we have tha t  A = 0, thus  we get: 

= f q + l d ( ~  Wt 2t t 2 t )  = f2tdfl t  - qfltdf2t" 

This finish the proof. D 

Remarks. 

(1) Cerveau and Lins have shown in [C-L], t ha t  a codimension one fo- 

liation whose singular set has a compact  connected component  of 

the  Kupka  set, which is a complete  intersection (i.e. the  transver- 

sal intersection of two positive divisors), has a meromorphic  first 

integral. 

The  stability of the leaves of with  non-trivial  holonomy, implies tha t  

after a deformation,  the  Kupka  set is a complete  intersection. 
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(2) If we begin with a unbranched rational function (that is, L1 = L2) 

and we consider deformations keeping one leaf stable, then  it is pos- 

sible to find an integrating factor. 

(3) If H 1 (M, C) ~ 0, then theorem A is not t rue as the following example 

shows: 

Let Ot be an analytic curve of closed holomorphic l-forms with 0 0 = O. 

Consider the family of foliations 

{ dflt df2t ) 
Wt = f l t f2t  ~P-f~l~ -- q-~2t + Or_ , 

Where fit E H~ O(Li)) i = 1, 2. The foliation represented by the 

section wt~ ?g 0 has only two compact leaves. 

(4) Assume that  H I ( M ,  C) # 0 and co = f2dfl - qfldf2 where q > 1 

and the foliation co satisfying the hypotheses of theorem 3.1. 

Let as above, Ot an analytic curve of closed holomorphic 1-forms, 

and consider the following family of foliations: 

+1 d + O r  . 

In this case, the foliation cot has only one compact leaf, given by {f2 = 0}. 

4. Universal  famil ies  
In this section, we will describe irreducible components of the universal 

families of foliations of codimension I. 

Let M be a projective manifold with HI(M, C) = O, we have seen 

that every holomorphic line bundle on M is determined by its Chern 

class c1(L) E H2(M, Z). It may be shown that UcFol(M, c) parameter- 
izes the universal family of foliations of codimension 1 in M [GM]. 

4.1 Definition 
The fibers {p-l(e)} of a rational map p: M --+ P 1 defined on a connected 

projective manifold M form a Branched Lefschetz Pencil if there are 

global sections fi of positive line bundles Li, i = 1, 2 with L~ = L~,p, q > 
0 such that:  
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(1) The subvarieties { f / =  0}i:1,2 are smooth and meets transversely in 

a smooth manifold K called the center of  the Pencil. 

(2) The subvarieties defined by t f f  + #f~ = 0 with A# # 0 are smooth 

on M - K except for a finite set of points {(Ai: ~ t i ) } i =  1 ..... k where it 

has just  a Morse type  singularity over the critical value in M - K.  

Note tha t  branched Lefschetz pencils are dense in the set of mero- 

morphic maps satisfying only condition (1), thus as a consequence of 

theorem A we have: 

T h e o r e m  B. Let M be a projective manifold whose complex dimension is 

at least 3 and with H i ( M ,  C) = O. Let ~ be a codimension one holomor- 

phic foliation with singularities arising f rom the fibers of a Lefschetz or a 

Branched Lefschetz Pencil. Then ~ is a C O-structurally stable foliation. 

Proof .  We have two cases: 

(1) If the meromorphic first integral is a Lefschetz Pencil, it is just  part  

(a) of the G6mez-Mont Lins theorem [GM-L]. 

(2) If the meromorphic first integral is a branched Lefschetz Pencil, by 

Theorem A, we have that  any deformation of a branched Lefschetz 

pencil has a meromorphic first integral, this implies in particular, 

that  the Kupka set is locally s tructural ly stable, and we can repeat  

the proof of part  (2) of the G6mez-Mont Lins theorem given in [GM- 

L]. [] 

T h e o r e m  C. Let M be a projective manifold of  complex dimension at 

least 3 and with H 1 (M, C) = 0. Let 13(c) be an irreducible component of 

Fo l (M,  c) that contains a branched Lefschetz Pencil; then there exists a 

Zariski dense open subset of B(c) parameterizing C~ stable 

fotiations, all of  them topologically equivalent and branched Lefschetz 

pencils. 

Proof .  Let Le be positive line bundless with chern classes c(Ld = c~ 

such tha t  L1 | L2 = L where c(L) = c = Cl + c2. 

Consider the map 

r  x F n2 --+ Fol (M,  Cl + c2) 

(If1], [f2]) ~ p f ld f2  - qf2df l  
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where ni = dime H0(M, O(Li)) - 1, i = 1, 2. 

This is a well defined algebraic map. Let W be the Zariski closure 

of the image of r We claim that  W is an irreducible component of 

Fol(M, c), where c = Cl + c2. We know that  any deformation of a 

branched Lefschetz pencil is again a branched pencil and then, it is 

in the image of r This show that  W and Fol(M,  c) coincide in a 

neighborhood of a foliation 5%. Since ~4~ is irreducible, then it is an 

irreducible component of Fol(M,  c). Hence V~ =/3(c).  This proves the 

theorem. [] 
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